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Scalar invariants in gravitational and electromagnetic fields 
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The paper discusses some scalar invariants in the gravitational field and electromagnetic field by 
means of the characteristics of the quaternions. When we emphasize some definitions of quaternion 
physical quantities, the speed of light, mass density, energy density, power density, charge density, 
and spin magnetic moment density etc. will remain the same respectively in the gravitational and 
electromagnetic fields under the coordinate transformation. The results explain why there are some 
relationships among different invariants in the gravitational and electromagnetic fields. 
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I. INTRODUCTION 



I In the gravitational field, there exist the conservation of mass, conservation of energy mass continuity equation, 
II . and invariable energy density. A. Lavoisier [2] and H. Cavendish etc. proposed the mass was invariable and conserved. 
^ ' There are not only the conservation of mass but also the mass continuity equation. G. W. Leibnitz, J. P. Joule 0], 
2^ and O. Heaviside etc. believed the energy was invariable and conserved. A. Einstein [3| and M. Planck etc. found 
the mass-energy equivalence between the mass and energy. 



Y\ , However, there exist still some puzzles about the above conservations. Firstly, the conservation of mass is limited to 
. ^ ■ the case of weak gravitational strength. Is it effective still when the gravitational field can not be neglected? Secondly, 
£^ [ the conservation of mass possesses other clear mathematical formulations in some theories, such as the mass continuity 
^H ^i equation. Whether the conservation of energy has similar mathematical formulations in some theories? Thirdly, the 
O ^ energy can be converted into the mass, and vice versa. Are there other relations between these two conservations? 

The quaternion can be used to describe the property of the electromagnetic field Q . Similarly, the quaternion can 



also be used to demonstrate the characteristics of gravitational field. By means of the scalar invariant of quaternions, 
we find there exist some relationships among these conservations and invariants. With the characteristics of the 



' quaternion [6|, we obtain that the speed of light, mass densiU^, and energy density are all invariants in the gravitational 



field 0, under the quaternion coordinate transformation 



II. SCALAR INVARIANTS IN GRAVITATIONAL FIELD 



00 , By means of the characteristics of the quaternion, we can obtain some kinds of scalar invariants under the quaternion 

' coordinate transformation in the gravitational field. In the paper, each quaternion definition of a physical quantity 

J> , possesses one invariant equation. 

X 



A. Quaternion transformation 

In the quaternion space for the gravitational field, the basis vector is E = (io, ii, iz, is) with io = 1, and the 
quaternion quantity D(do, di, o?2, ^a) is defined as follows. 

D = do + + £^2*2 + £^3*3 (1) 
where, the do, di, d2, and d^ are all real. 
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TABLE I: The quaternion multiplication table. 

1 ii h i3_ 

1 1 ii i2 13 

11 ii —1 13 — *2 

12 12 —13 —1 ii 

13 *3 *2 —il — 1 



When we transform one form of the coordinate system into another, the physical quantity ED will be transformed 
into the quaternion physical quantity ©'(rfg, d'i,d'2, d'^). 

D' = K* o e o K (2) 

where, the o denotes the quaternion multiplication; the * indicates the conjugate of the quaternion; the K is the 

quaternion, and K* o K = 1 . 

The scalar part do satisfies the following equation. 

do = d'o (3) 

In the above equation, both sides' scalar parts are one and the same during the quaternion coordinate system is 
transforming. 

B. Radius vector 

In the quaternion space, the coordinates are ro,ri,r2, and r^. The radius vector is 

R = ro + nrjij) (4) 

where, the scalar ro = vot; vq is the speed of light beam, and t denotes the time; j = 1, 2, 3; i = 0, 1, 2, 3. 

When the coordinate system is transformed into the other, we have the quaternion radius vector M'(ro, r^, rj, rg), 
with the Tq = VqI' from Eq.(2). 

From Eqs.(3) and (4), we obtain 

= r'o (5) 

In the some special cases, we may substitute the quaternion physical quantity Ij{zo, Zi, Z2, z^) for the radius vector 
M(ro, ri, r2, rg). The former quantity is defined as 

Z = M o M (6) 

where, zq = (ro)^ - (nf - (r-if - (rzf ■ 

When we transform one form of the coordinate system into another, the physical quantity Z is transformed into 
the quaternion physical quantity I''{z'q, z[, z'^, -23) from Eq.(2). 

From Eqs.(3) and (6), we gain 

{Tof-Y.{T,f = {T'of-Y.{T]f (7) 

The above means clearly that may obtain different invariants from differen definitions of physical quantities, by 
means of the characteristics of quaternion coordinate transformation in the gravitational field. 

C. Invariable speed of light 

The quaternion velocity '^{^o^'^x^'^ii^z) is 

N = vo + Y,(viij) (8) 

When the coordinate system is transformed into the other, we have the quaternion velocity V(t;o, t^i, t^2> ^3) from 
Eq.(2). 
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From Eq.(3) and the definition of velocity, we obtain the invariable speed of light. That is 

vo = v'o (9) 

Choosing the definition combination of the quaternion velocity and radius vector, we find the invariants, Eqs.(5) 
and (9), and gain Galilean transformation. 

ro = To , vo = v'o . (10) 

In some cases, we obtain Lorentz transformation from the invariant equations, Eqs.(7) and (9). 

{ror - S(r,)2 = {r'^r - S(r^.)' , vo = v', . (11) 

The above states that we can obtain many kinds of coordinate transformations from the different definition combi- 
nations of physical quantities, including Galilean transformation and Lorentz transformation, etc. 

D. Potential and strength 

In the quaternion space, the gravitational potential is, 

A = ao + T,{ajij) (12) 

and the gravitational strength B(6o, &2, ^s) as follows. 

B = OoA (13) 

where, di = d/dn; = '^{ndi); bo = doao - T,{djaj). 

In the above equation, we choose the following gauge condition to simplify succeeding calculation, 

bo = (14) 
and then the gravitational strength is B = g/t;o + b . 

g/uo = doa+Wao (15) 
b = V X a (16) 

where, V = T^{ijdj); a = T,{ajij); b = Yi{bjij)-. there exist a = and b = in Newtonian gravity. 

When the coordinate system is transformed into the other, we have the quaternion potential K' (oIq, a'l, a'2, a'-^) and 
strength B'(6o, 6'i, 62, 63) respectively from Eq.(2). 

Prom Eq.(3) and the definition of potential, we obtain the invariable scalar potential, 

ao = flo (17) 

and the gauge from the definition of strength as follows. 

bo = b'o (18) 

By means of the quaternion characteristics, the above means that the scalar potential of gravitational field is the 
invariant under the coordinate transformations in Eq.(2). And so is that of gravitational strength. 

E. Conservation of mass 

There exist two kinds of linear momenta, one is of the particle, the other is of the gravitational field. For the 
sake of describing various linear momenta by one single definition, the source and the linear momentum both will be 
extended in the gravitational field. 

The gravitational source S covers the linear momentum density Sg and an extra part B* o B/(^;oMg)• 
/x§ = -{M/vo + 0)* o B = fi^gSg - B* o M/vo (19) 

where, B* oB/(2/xg) is the energy density of gravitational field, and is similar to that of the electromagnetic field; fi 
and are the constants; /xg = A-kG/vo , and G is the gravitational constant. 
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The linear momentum density P(po,f>i,p2,f>3) is the extension of Sg = mV. 

P = mS/m^ (20) 

where, po = mvo , Pj = mvjij ; m = m + Am; m is the inertial mass density, and m is the gravitational mass density; 
Am= -M* oM/{v^iiS). 

When the quaternion coordinate system rotates, we have the quaternion linear momentum density P'(pQ,Pi,P2iP3) 
from Eqs.(3) and (20). 

mvo = fh'vQ (21) 
By Eqs.(9) and (21), the gravitational mass density m remains unchanged in the gravitational field. 

m = m' (22) 
The above is the conservation of mass. When bj = and Am = 0, the above can be reduced as follows. 

m = m' (23) 

The above means that if we emphasize the definitions of the velocity and linear momentum, the gravitational mass 
density will remain the same under the coordinate transformation in Eq.(2) in the quaternion space. 

F. Mass continuity equation 

We choose the following definition of applied force, to cover various forces in the gravitational field. The applied 
force density F(/o, /i, /2, /s) is defined from the linear momentum density P . 

¥ = vo{M/vo + ())* oW (24) 

where, the applied force density includes the inertial force density and the gravitational force density, etc. While, the 
scalar /o = dpo/dt + voT,{dpj/drj) + T,{bjPj) . 

When the coordinate system rotates, we have the quaternion applied force density F'(/ci, /{, /2, /a) from Eqs.(2), 
(3) and (24). And then, we have 

/o = (25) 

In the equilibrium state, there exists /q = 0, we have the mass continuity equation by Eqs.(9) and (25). 

dfh/dt + Eidpj /drj) + E{bjPj)/vo = (26) 

further, if the strength bj = 0, the above is reduced to the differential form of mass continuity equation. 

dm/dt + T.{dpj/drj) = (27) 

The above states the gravitational strength B has a small influence on the mass continuity equation, although the 
term I]{bjPj)/vo and the extra mass density Am both arc very tiny. And then the mass continuity equation is the 
invariant under the quaternion transformation in Eq.(2), if we choose the definition combination of the velocity and 
applied force in the gravitational field. 

G. Angular momentum 

In order to incorporate various energies with the single definition, the angular momentum and the energy both will 
be extended in the gravitational field. 

The angular momentum density L is defined from the linear momentum density P, radius vector R, and X. 

L = (K + fcrxX) o P (28) 

where, the X = 'S{xi'ii) is the quaternion; the krx is the coeflicient; the angular momentum density L includes the 
orbital angular momentum density and spin angular momentum density in the gravitational field. 
The angular momentum density is rewritten as, 

h = lo + ^{Ijij) (29) 
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where, Iq = (ro + krxXo)po - S {{rj + krxXj)pj}. 

The scalar part Iq is presumed to be the density of spin angular momentum Q in the gravitational field. As a part 
of the L, the Iq is one kind of angular momentum, and is the scalar along the io direction. When the X is neglected 
and the gravity is weak, the scalar will be reduced to = I'aPa — ^{i^jPj)- 

When the coordinate system rotates, we have the quaternion angular momentum density L'(^o, I'l, 1'2, 13) from Eq.(2). 
Under the coordinate transformation, the spin angular momentum density remains unchanged by Eq.(3). 

lo = I'o (30) 

The above means that the gravitational strength has an influence on the orbital angular momentum and the spin 
angular momentum, etc. Choosing the definition of angular momentum, the spin angular momentum will be invariable 
in the gravitational field under the quaternion transformation in Eq. (2) . 



H. Conservation of energy 

We choose the quaternion definition of total energy to include various energies in the gravitational field. In the 
quaternion space, the total energy density W is defined from the angular momentum density L . 

W = uo(B/vo + 0)oIL (31) 

where, the total energy includes the potential energy, the kinetic energy, the torque, and the work, etc. 
The total energy density is, 

W = wo + i:{wjij) (32) 

where, the scalar wq = b ■ I + voOqIo + wqV ■ I is the energy density; w = 'S{wjij); I = 1^(1 jij). 

When the coordinate system rotates, we have the quaternion total energy density W{wq,w[,W2,w'^) from Eq.(2). 
And under the coordinate transformation, the conservation of energy will be obtained from the above and Eq. (3) . 

Wq = w'q (33) 

In some special cases, there exists w'q — 0, we obtain the spin continuity equation by Eq.(33). 

dlo/dro + V -l+b- I/vq = (34) 
If the last term is neglected, the above is reduced to 

dlo/dro + V -1=0 (35) 
further, if the last term is equal to zero, we have 

dlo/dt = (36) 

where, when the time t is only the independent variable, the dlo/dt will become the dlo/dt . 

The above means that the energy density wq is the invariant under the quaternion transformation in Eq.(2) in 
the gravitational field. The spin continuity equation is also the invariable in the gravitational field, although the 
gravitational strength has an influence on the spin angular momentum density. 



TABLE II: The definitions and their scalar invariants of the gravitational field in the quaternion space. 



definition 


invariant 


meaning 


theorem 


R 


ro = r'o 


invariable scalar 




V 


vo = I'o 


invariable speed of light 




X 


Xo = x'o 


invariable scalar 




A 


ao = a'o 


invariable gravitational scalar potential 




B 


bo = b'o 


invariable gravitational gauge 




P 


Po = Po 


conservation of mass 




F 


.fo = .n 


mass continuity equation 


linear momentum 


L 


lo = I'o 


invariable spin angular momentum density 




W 


wo = w'o 


conservation of energy 


angular momentum 


N 


no — n'o 


energy continuity equation 


torque 
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I. Energy continuity equation 

The external power can be described by the quaternion in the gravitational field. The external power density N is 
defined from the total energy density W . 

N = ?;o(B/wo + 0)*oW (37) 

where, the external power density N includes the power density etc. in the gravitational field. 
The external power density is also, 

N = no + S(nj%) (38) 

where, the scalar uq = b* ■ w+ vodoWo + vq^* ■ w is the power density. 

When the quaternion coordinate system rotates, we have the quaternion external power density N'(nQ, n'j^, 713, 7^3) 
from Eq.(2). Under the coordinate transformation, the power density will remain unchanged by Eq.(3). 

no = riQ (39) 
In case of Hq — 0, we obtain the energy continuity equation from the above. 

dwo/dro + V* -w+b* ■ w/vq = (40) 
If the last term is neglected, the above is reduced to 

dwo/dro + V* • = (41) 
further, if the last term is equal to zero, we have 

dwo/dt = (42) 

where, when the time t is only the independent variable, the dwo/dt will become the dwo/dt . 

The above means that the gravitational strength b and the torque density w have the infiuence on the energy 
continuity equation. Meanwhile, the power density no is the invariant under the quaternion transformation in the 
gravitational field. The energy continuity equation is also the invariant, when we choose the definition combination 
of the velocity, total energy, and external power. 

In the quaternion spaces, the deductive conclusions about the conservations and their relationships depend on the 
definition combinations of physical quantities. It leads us to understand the conservations more deeply. By means 
of the definition combination of the radius vector and the velocity, we obtain the conclusions of the invariable speed 
of light, Galilean transformation, and Lorentz transformation etc. in the gravitational field. Alike, choosing the 
definition combination of the linear momentum, the operator 0, and the invariable speed of light, we have the results 
of the conservation of mass and the mass continuity equation. Moreover, depending on the definition combination of 
the angular momentum, the invariable speed of light, and the operator 0, we obtain the inference of the invariable 
spin density, conservation of energy, and energy continuity equation, etc. 



III. MECHANICAL INVARIANTS IN ELECTROMAGNETIC FIELD 



In the electromagnetic field, some scalar invariants will be extended from the gravitational field. They are called 
the mechanical invariants, which include the conservation of mass, conservation of spin, conservation of power, and 
conservation of energy [l3|. In the electromagnetic field, there exist still some puzzles about the conservation laws. 
Firstly, those conservation laws are only limited to the case of weak electromagnetic strength. Are they still effective 
when the electromagnetic strength can not be neglected? Secondly, there exist either the conservation of mass or 
the mass continuity equation. Are there some similar continuity equations for other conservation laws? Thirdly, the 
energy can be converted into the mass, and vice versa. Are there other relations among these conservation laws? 

The octonion [ll[ can be used to describe the property of the electromagnetic field and gravitational field, although 
these two kinds of fields are quite different. By means of the scalar invariant of the octonion, we find that the strength 
of the electromagnetic field and gravitational field ^] have the influence on the conservation laws. 

With the character of the octonion, we obtain the mass density and the energy density are invariants in the case 
for coexistence of electromagnetic field and gravitational field, under the octonion transformation, although a few 
definitions of physical quantities will be extended in the gravitational field and electromagnetic field. 
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TABLE III: The octonion multiplication table. 





1 


ii 


i2 


is 


lo 


Ii 


h 


Is 


1 


1 


ii 


i2 


is 


lo 


h 


h 


Is 


ii 


k 


-1 


is 


-i2 


II 


-lo 


-Is 


h 






^3 


_x 


^1 


To 


^s 


— Tn 


— h 


is 


is 


i2 


-ii 


-1 


Is 


-h 


II 


-lo 


lo 


lo 


-h 


-h 


-Is 


-1 




i2 


is 


Ii 


Ii 


lo 


-Is 


h 


-ii 


-1 


-is 


h 


h 


h 


h 


lo 


-Ii 


-h 


is 


-1 


-ii 


h 


I; 




II 


In 


— ii 


— ii 


ii 


-1 



A. Octonion transformation 



In the quaternion space, the basis vector for the gravitational field is Eg = (f, ii, iz, is), and that for the electro- 
magnetic field is Ee = (Jo, Ii, h, Is)- The Eg is independent of the Eg, with Ee = Eg o Jg . The basis vectors Eg and 
Ee can be combined together to become the basis vector E of octonion space. 

E={l,ii,i2,i3,Io,Il,l2,h) (43) 

The octonion quantity ©(do, di,d2, ds, Do, Di,D2, -D3) is defined as follows. 

B = da + T,{djij) + J:{DJ.,) (44) 

where, di and Di are all real; i = 0, 1, 2, 3; j = 1, 2, 3. 

When the coordinate system is transformed into the other one, the physical quantity B will be become the octonion 
physical quantity W{d'o, d[,d'2, 4, D'q, D[, D'^, Di,) . 

P' = K* o © o K (45) 

where, K is the octonion, and K* o K = 1; * denotes the conjugate of octonion; o is the octonion multiplication. 

Therefore 

do = 4 (46) 

In the above equation, the scalar part is one and the same during the octonion coordinates are transforming. Some 
scalar invariants of electromagnetic field will be obtained from the characteristics of octonions. 



B. Radius vector 



The radius vector is Mg = (ro, ri, r2, r^) in the quaternion space for gravitational field. For the electromagnetic 
field, the radius vector is Me = {Ro, Ri, R2, Rs)- Their combination is 'R{rQ,r\,r2,rz, Ro, Ri, R2, R3) ■ 

^ = ro + T,{rjij) + ^{RiIi) (47) 

where, rp = v^t, Rq = VqT. vq is the speed of light, t denotes the time; and Vq is the speed of light-like, T is a 
time-like quantity. 

When the coordinates are rotated, we have the octonion radius vector K'(ro, r'i,r'2,r'^, Rq, R[,R'2, R's) from Eq.(45). 
And then, we have following consequence from Eqs.(46) and (47). 

ro = r'o (48) 
Sometimes, the radius vector M can be replaced by the physical quantity Z{zo, zi,Z2, Z3, Zq, Z\, Z2, Zs). And 

Z = RoR = zo + 'S{zjij) + T.{ZiIi) (49) 
By Eqs.(46) and (49), we have 

{rof - S(r,)2 - S(ii,)' = {r',f - W^f - m'if (50) 

The above represents that the spacetime interval zq remains unchanged when the coordinate system rotates in the 
octonion space. 
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C. Speed of light 

In the quaternion space for the gravitational field, the velocity is Vg = (wq, wi, V2, vs)- For the electromagnetic 
field, the velocity is Ve = {Vq, Vi, V2, V3). 

They can be combined together to become the octonion velocity Y{vq, fi, f2, 1^3, Vo, Vi, V2, V3). 

V ^ t;o[0 o M - V • {S(rjij)}] =vo + ^v,ij) + ^{VJ,) (51) 

When the coordinates are rotated, we have the octonion velocity V'(t;Q, v'i,V2, v'^, Vq, V{, V2, V^) from Eq.(45). And 
then, we have the invariable speed of light by Eq.(46). 

vo = v'o (52) 

and the Galilean transformation as follows. 

to - t'„ (53) 

Eir,f + mif- nr'jf + nR'.f (54) 

The above means that if we emphasize especially the important of radius vector Eq.(47) and velocity Eq.(51), we 
obtain Galilean transformation from Eqs.(48) and (52). 

In the same way , if we choose the definitions of radius vector Eq.(49) and velocity Eq.(51), we obtain the Lorentz 
transformation [ij] from Eqs.(50) and (52). 

In some special cases, the Yi{RiIi) do not take part the octonion coordinate transformation, we have the result 
S(i?i)2 = T.{R[f in Eqs.(50) and (54). 

D. Potential and strength 

The gravitational potential is Kg = (ao, ai, 02, 03), and the electromagnetic potential is Ag = (^0, ^1, ^2, ^3)- And 
the gravitational potential and the electromagnetic potential constitute the potential A . 

A = VqC) O X = Ag + fcegAe (55) 

where, k^g is the coefficient. 

When the coordinates are rotated, we obtain the octonion potential A'(ao, a'j^, 02, flg, ^0, v4']^, vljj ^3) from Eq.(45). 
Therefore, we have the invariable scalar potential of gravitational field by Eq.(46). 

ao = flo (56) 

The octonion strength B(6o, bi,b2,b3, Bq, Bi, B2, B^) consists of the gravitational strength Bg and electromagnetic 
strength Bg. 

B = OoA = Bg + kegMe (57) 

where, the operator () — do + iidi + ^2^2 + isd^ . 

In the above equation, we choose the following gauge conditions to simplify succeeding calculation. 

60 = doao + V • a = , Bq = OqAo + V ■ A = . 

where, a = E(ajij); A — Y.{Ajij); V = Il{ijdj). 

The gravitational strength Bg in Eq.(57) includes two components, g/c = doa + Voq and b = V x a , meanwhile 
the electromagnetic strength Bg involves two parts, E/c — {OqA + VAq) o Iq and B = —(V x A) o Iq . 

When the coordinates are rotated, we have the octonion strength B'(&o, b[, 62, 63, B'q, B[, B2, B'-^) from Eq.(45). And 
then, we have the invariable scalar strength of gravitational field by Eq.(46). 

bo = b'o (58) 

The above means that the scalar potential and the scalar strength of gravitational field are the invariants in the 
octonion space. 
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E. Conservation of mass 

The hnear momentum density E>g = mVg is the part source of the gravitational field, and the electric current density 
§e = (f^g ° -^0 is that of the electromagnetic field. They combine together to become the source S . 

yUS = -{M/Vo + 0)* O B = MgSg + fceg/ifSe - B* O B/uq (59) 

where, k^g = ^-^l IJ-i', 9 is the electric charge density; /xf is the constant; m is the inertial mass density. 

In some cases, the electric charge is combined with the mass to become the electron or proton etc., we have the 
condition iJjJj = niio Iq and Vilt = Viit o Iq . 

The B* oB/(2/ip is the energy density, and includes that of the electromagnetic field. 

B*ol/^9=B;oBg//xS+B*oBe/Mf (60) 

The octonion linear momentum density is 

P = nS/nl = mvo + ^mvjij) + J:{MViii o Iq) (61) 

where, m = m - (1* oB/^9)/vg; M = kegHlq/ *o = 1- 

The above means that the gravitational mass density m is changed with the strength of the electromagnetic field 
or the gravitational field. 

By Eq.(45), we have the linear momentum density, ¥\fh'vQ,m'v[,m'v'2,m'v'^,M'VQ,M'Vl,M'V2,M'V.^), when the 
octonion coordinate system is rotated. 

fhvo = m'v'^ (62) 

Under Eqs.(52) and (62), we obtain the conservation of mass as follows. 

rh = fh' (63) 

The above means that if we emphasize the definition of velocity and Eq.(61), either the inertial mass density or the 
gravitational mass density will remain the same, under the octonion transformation in the electromagnetic field and 
gravitational field. 

F. Mass continuity equation 

In the octonion space, the applied force density F is defined from the linear momentum density P in Eq.(61). 

F = vo{M/vo + 0)* o P (64) 

where, the applied force includes the gravity, the inertial force, the Lorentz force, and the interacting force between 

the magnetic strength with magnetic moment, etc. 
The applied force density F is rewritten as follows. 

F = /o + S(/,i,) + S(F,7,) (65) 

where, /o = dpo/dt + voT,{dpj/drj) + ^{bjPj + BjPj); po = rhvo, Pj = mvj; Pi = MVi; Am = -(B o B//x^)/t;g. 

When the coordinate system rotates, we have the octonion applied force density F'(/o, /{, /2, /a, -Fo> -^i> -^2) -^s)- 
And then, we have the result by Eq.(46). 

/o = (66) 

When the right side is zero in the above, we have the mass continuity equation in the case for coexistence of the 
gravitational field and electromagnetic field. 

dm/dt + T.{dpj/drj) + T.{bjPj + BjPj)/vQ = (67) 

Further, if the strength is zero, bj = Bj = 0, the above will be reduced to the following equation. 

dm/dt + Y.{dpj/drj) = (68) 

The above states that the gravitational strength and electromagnetic strength have the influence on the mass 
continuity equation, although the ^{bjpj + BjPj)/vo and the Am both are usually very tiny when the fields are weak. 
When we emphasize the definitions of applied force and velocity in gravitational and electromagnetic fields, the mass 
continuity equation will be the invariant equation under the octonion transformation. 
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G. Spin angular momentum 

In the octonion space, the angular momentum density is defined from Eqs.(47) and (61). 

L = (M + krx^) o P (69) 

where, X = T,{xiii) + T,{XiIi); the angular momentum density includes the orbital angular momentum density and 
spin angular momentum density in the gravitational and electromagnetic fields; krx = 1 is the coefficient. 
The angular momentum density is rewritten as 

h = lo + ^iljij) + ^iLJi) (70) 

where, the scalar part of angular momentum density 

^0 = (^0 + krxXo)po - S {{rj + krxXj)Pj} - S {{Ri + krxXi)Pi} (71) 

The Iq is considered as the spin angular momentum density in the gravitational and electromagnetic fields. 
When the coordinate system rotates, we have the octonion angular momentum density L' = S(^^i- + L-i^). Under 
the octonion coordinate transformation, we have the conservation of spin from Eq.(46). 

lo = I'o (72) 

The above means that the spin angular momentum density Iq is invariable in the case for coexistence of the 
gravitational field and electromagnetic field, under the octonion transformation. 



H. Conservation of energy 



The total energy density W is defined from the angular momentum density L in Eq.(69). 

W = t;o(B/wo + 0)oL (73) 

where, the energy includes the electric potential energy, the gravitational potential energy, the interacting energy 
between the magnetic moment with magnetic strength, the torque between the electric moment with electric strength, 
and the work, etc. in the gravitational field and electromagnetic field. 
The above can be rewritten as, 

W = Wo + ^{wjij) + ^{WiIi) (74) 

where, the scalar wo = vodolo + (^'oV + h) ■ j+ H- J ; h = J^{bjij); H= T,{BjIj)] j= Y^{ljij); J — T,{LjIj). 

When the coordinate system rotates, we have the octonion energy density W = E(tz;-i^ + W/i^). Under the octonion 
transformation, the scalar part of total energy density is the energy density. And then we have the conservation of 
energy as follows. 

wq = w'q (75) 



TABLE IV: The definitions and their mechanical invariants in the case for coexistence of the gravitational field and 
electromagnetic field in the octonion space. 



definition 


invariant 


meaning 


theorem 


R 


ro = r'o 


invariable scalar 




V 


Vo = v'o 


invariable speed of light 




X 


Xo = x'o 


invariable scalar 




A 


ao = a'o 


invariable gravitational scalar potential 




B 


bo = b'o 


invariable gravitational gauge 




P 


Po =p'o 


conservation of mass 




F 


fo = /o 


mass continuity equation 


linear momentum 


L 


lo = I'o 


invariable spin angular momentum density 




W 


Wo = w'o 


conservation of energy 


angular momentum 


N 


no = n'o 


energy continuity equation 


torque 
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In some special cases, the right side is equal to zero. We obtain the spin continuity equation. 

dlo/dro + V ■j+{h-j+H-J)/vo = Q (76) 
If the last term is neglected, the above is reduced to 

dlo/dro + V -3=0 (77) 
further, if the last term is equal to zero, we have 

dlo/dt = (78) 

where, when the time t is only the independent variable, the OIq / dt will become the dlo / dt . 

The above means the energy density wq is invariable in the case for coexistence of the gravitational field and the 
electromagnetic field with the octonion transformation. 

I. Energy continuity equation 

In the octonion space, the external power density N is defined from the total energy density in Eq.(73). 

N = t;o(B/t;o + 0)* oW (79) 

where, the external power density N includes the power density in the gravitational and electromagnetic fields. 
The external power density can be rewritten as follows. 

N = no + i:{njij)+i:{NiIi) (80) 

where, the scalar uq = vodowo + (wqV + h)* ■ y+ H* ■ Y; y= T,{wjij)-, Y = Yi{WjIj). 

When the coordinate system rotates, we have the octonion external power density N' = S(n^i- + N^tj). Under 
the octonion coordinate transformation, the scalar part of external power density is the power density and remains 
unchanged by Eq.(46). 

no = u'q (81) 
In a special case, the right side is equal to zero. And then, we obtain the energy continuity equation. 

doWo + V* -v+ih* -y+H* ■Y)/vo=Q (82) 
If the last term is neglected, the above is reduced to 

dowo + V* ■ y = (83) 
further, if the last term is equal to zero, we have 

dwo/dt = (84) 

where, when the time t is only the independent variable, the dwo / dt will become the dwo / dt . 

The above means the power density no is the invariant in the case for coexistence of the gravitational field and 
electromagnetic field, under the octonion transformation. 

In other words, either the strength or torque density has an influence on the energy continuity equation in the 
gravitational field and the electromagnetic field. 

In the octonion space, the deductive results about the conservation laws and the scalar invariants depend on the 
definition combinations in the case for coexistence of gravitational field and electromagnetic field. By means of the 
definition combination of the radius vector and the velocity, we obtain the results of the invariable speed of light, 
Galilean transformation, and Lorentz transformation. Choosing the definition combination of the linear momentum, 
the operator Oj and the velocity, we have the conclusions about the conservation of mass and the mass continuity 
equation in the gravitational and electromagnetic fields. With the definition combination of the angular momentum, 
the velocity, and the operator 0, we obtain the inferences of the conservation of spin, the spin continuity equation, 
the conservation of energy, and the energy continuity equation, etc. 
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IV. ELECTRIC INVARIANTS IN ELECTROMAGNETIC FIELD 



In the electromagnetic field, there are some special invariants, which is different to the mechanical invariants. They 
are called the electric invariants, which include the conservation of charge, the charge continuity equation, and the 
spin magnetic moment etc. The conservation of charge is similar to the conservation of mass, and is investigated by a 
lot of scientists. This conservation law is an important theorem in the physics, with the numerous applications in the 
quantum mechanics, the electromagnetic theory [l3|, and the optics theory, etc. With the characteristics of octonion, 
we obtain some scalar invariants, conservation laws, and theorems in the case for coexistence of the electromagnetic 
field and gravitational field, under the octonion coordinate transformation. 



The invariants of the physical quantities in the gravitational field and the electromagnetic field can be illustrated 
by quaternions, although their definitions will be extended in some aspects. 

In the quaternion space for the gravitational field, the radius vector is Mg = E(riii), the velocity Yg = 'E{viii), the 
basis vector Eg = (io, ii, ^2, is), with io = 1. In the quaternion space for the electromagnetic field, the radius vector 
is Re — ^{Rili), the velocity Ve = E(Vi/i), the basis vector Eg = (/q, /i, I2, I3), with Eg = Eg o Jq . Two quaternion 
spaces combine together to become the octonion space. In the octonion space, the radius vector R = 'S{riii) + 'S,{RiIi) , 
the velocity V = T,{viii) + and the basis vector E = (ig, 12, *3, Iq, Ii, I2, Is)- The tq — vqI; Vq is the speed 

of light; t denotes the time. The Rq = VqT; Vq is the speed of light-like; T is a time-like quantity. The o denotes the 
octonion multiplication. In some special cases, the electric charge is combined with the mass to become the electron 
or the proton etc. And then Rili — riii o /g and V^/; = Viii o Iq . 

In the octonion space, Ag = (00,01,02,03) is the gravitational potential, and Ag = (740,^1,^2,^3) is the electro- 
magnetic potential. The octonion potential 



where, keg is the coefficient. 

The octonion strength B = I]{biii) + 'S{BiIi) includes the gravitational strength Bg and the electromagnetic strength 
Be . And the gauge 60 = and Bq = . 



where, the gravitational strength Bg includes two parts, g = (goij 5o2, 503) and b = ((723, .931, <7i2), while the electro- 
magnetic strength Be involves two components, E = (-601,-802,-603) and B = (-823,-631,-612) . 

The linear momentum density §g = mVg is the source for the gravitational field, and the electric current density 
§e = ^Vg o Iq for the electromagnetic field. And they can be combined together to become the source S . 



A. Electromagnetic and gravitational fields 



A = Ag -I- fcegAe 



(85) 



B=OoA = Bg + fcegBe 



(86) 



flS = -{M/vq + 0)* O B = H^^gSg + fcegAifSe - B* O n/vQ 

where, /if is the constant; * denotes the conjugate of octonion. And 

B* o M/^l3 ^ m; o Mg/^l3 + b; o B,/^,l 



(87) 



(88) 



In the octonion space, we have the applied force density. 



F = uo(B/wo + 0)*oP 



(89) 



and the angular momentum density 



L = (M -I- fc^^X) o P 

where, the linear momentum P = /i§///^ ; the quantity X — 'E{xiii) + 'E[XiIi) . 
By means of the total energy density. 



(90) 



W = uo(B/wo + 0)oIL 



(91) 



we obtain the external power density 



N = ?;o(B/vo + 0)*oW 



(92) 



where, the external power density includes the power density in the gravitational and electromagnetic fields. 
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B. Speed of light-like 

The physical quantity V>{do, d\,d2, dz, Dq, Di, D2, -D3) in octonion space is defined as 

I} = da+diii+ ^2*2 + <3i3 + DqIq + D^Ii + D^h + D-^Is (93) 
In case of the coordinate system is transformed into another, the physical quantity D will be transformed into 

D' = K* o e o K (94) 

where, K is the octonion, and K* o K = 1. 

In the above, the scalar part is one and the same during the octonion coordinate system is transforming. So 

do = d'o (95) 

In the octonion space, the velocity 

V = i:{viii) + i:{Viii) (96) 

and a new physical quantity Yq can be defined from the above, 

V, =Voi; = S(-l/,i,)-E(i;,/,) (97) 

By Eq.(94), we have the octonion physical quantity, YqivQ, v[, v'2,v'^, Vq, V{, V^', V^), when the coordinate system is 
rotated. Under the coordinate transformation, the scalar part of Yq remains unchanged. 

Vo = Vo' (98) 

The above means that the speed of light-like, Vq, will remain the same in the electromagnetic field and gravitational 
field during the octonion coordinate transformation. 

C. Conservation of charge 

In the octonion space, the linear momentum density P is 

P = fiS/fi'^ = mvo + ^{mvjij) + J:{MV^I^) (99) 

where, the gravitational mass density fh = m + Am ; Am = -(B* o M/iJ,9)/v^ ; M = kegHlq/ ■ Q is the electric 
charge density; m is the inertial mass density. 

A new physical quantity P, can be defined from the above, 

Fq = ¥oI^ = MVo + ^{MVjij) - {fhvolo + T,{mvjlj)} (100) 

By Eq.(94), wc have the linear momentum density, F'{m'v'Q,m'v[,m'v'2, tti'v'^jM'Vq, M'V(, M'Fj , M'V^), when the 
octonion coordinate system is rotated. Under the coordinate transformation, the scalar part of P^ remains unchanged. 

MVo = M% 

With Eq.(98) and the above, we obtain the conservation of charge as follows. And M is the scalar invariant, which 
is in direct proportion to the electric charge density q . 

M = M' (101) 

The above means that if we emphasize the definitions of the velocity and the linear momentum, the electric 
charge density will remain the same, under the octonion coordinate transformation in the electromagnetic field and 
gravitational field. 
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D. Charge continuity equation 

In the octonion space, the appUed force density 

F = /o + S(/,i,) + S(F,7,) (102) 

where, Fq = vodPo/dro + voY^{d Pj / dr j) + T,{bjPj — Bjpj); po = rhvo, pj = mvj; Pi = MVi . 
A new physical quantity Fg can be defined from the above, 

= F o 7S = Fo + ^Fjij) - nfili) (103) 

When the coordinate system rotates, we have the octonion appHed force density F'(/o, f'l, f2, f^,FQ,F[,F2,F^), the 
radius vector IR'(r^, r^, r^, r^, i?o, R[,B2,B!^), the momentum density F' {p'„,p[,p'2,p'^, Pq, Pi, P2,Pz); and the strength 
]B'(6q, b'i,b'2, 63, B'q, B[,B2, -B3), with the gauge = B'q = 0. Under the coordinate transformation, the scalar part of 
¥g remains unchanged. 

Fo = F^ (104) 

When the right side is equal to zero in the above, we have the charge continuity equation in the case for coexistence 
of the gravitational field and electromagnetic field. 

dPo/dro + Y.{dPj/drj) + ^{bjPj - Bjpj)/vo = (105) 

Further, if the last term is neglected, the above equation will be reduced to, 

dM/dt + T.{dPj/drj) = (106) 

The above states that the gravitational strength and electromagnetic strength have the small influence on the charge 
continuity equation, although the YiibjPj — BjPj)/vQ and Am both are usually very tiny when the field is weak. The 
charge continuity equation is the invariant under the octonion coordinate transformation etc, while the definition of 
linear momentum density has to be extended in the gravitational field and electromagnetic field. 

Comparing Eq.(65) with Eq.(103); we find that the mass continuity equation Eq.(68) and charge continuity equation 
Eq.(106) can't be effective at the same time. That states that some mechanical invariants and electrical invariants 
will not be valid simultaneously. 

E. Conservation of spin magnetic moment 

In the octonion space, the angular momentum density 

L = Zo + S(/jij) + S(L,/,) (107) 

where, Lq = (ro + krxXo)Po - S {{vj + krxXj)Pj} + S {(i?i + krxXi)pi} . 
A new physical quantity L, can be defined from the above, 

L, = L o = Lo + S(Lj%) - ^{hli) (108) 

When the octonion coordinate system rotates, we have the octonion linear momentum density P' = ^{p'ii'i + Plti), 
the physical quantity X' = S(x^i^ + X[t^), the radius vector R' = S(r^i- + ii- J^), and the angular momentum density 
L' = E(Z^z^ + L'^^^) respectively from Eq.(94). 

Under the coordinate transformation, the scalar part of Lg deduces the conservation of spin magnetic moment. 

io = 4 (109) 

The above means that the spin magnetic moment density Lq is invariable in the case for coexistence of the gravi- 
tational field and electromagnetic field, under the octonion coordinate transformation, etc. 
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F. Continuity equation of spin magnetic moment 

In the octonion space, the total energy density 

W = W0+^{wJiJ)+Y.{W^I^) (110) 

where, Wq = VodLo/dro + vo'E,{dLj/drj) + T,{bjLj — Bjlj). 
A new physical quantity can be defined from the above, 

W, = W o = Wo + ^{Wjij) - ll{wili) (111) 

When the coordinate system rotates, we have the octonion strength B' = ll{b'jij+B'-ij), angular momentum density 
L' = E(;^i^ + L'J^), radius vector R' = T.{r'X + R[t^), and the energy density W = S(w^i^ + from Eq.(94) 

respectively. And there are the gauge equations 6q = and Bq = Q . 

Under the coordinate transformation, the scalar part of Wg remains unchanged. And then, we have the conservation 
of energy-like. 

Wo = (112) 
In some special cases, the right side is equal to zero. We obtain the continuity equation of spin magnetic moment. 

dLo/dro + E{dLj/drj) + T,{bjLj - Bjlj)/vo = (113) 
If the last term is neglected, the above is reduced to 

dLo/dro + i:{dLj/drj) = 
further, if the last term is equal to zero, we have 

dLo/dt = (114) 

where, when the time t is only the independent variable, the dLo/dt will become the dLo/dt . 

The above means the energy-like density Wq is invariable in the case for coexistence of the gravitational field and 
the electromagnetic field, under the octonion coordinate transformation, etc. 



G. Energy-like continuity equation 

In the octonion space, the external power density 

N = no + S(n,i,) + S(AriJi) (115) 

where, A^o = vodWo/dro + voE{dWj/drj) + ^{b^W^ - BjWj). 
A new physical quantity can be defined from the above, 

Ng = N o = A^o + S(A,i,) - HinJi) (116) 



TABLE V: The definitions and their electric invariants of the physical quantities in the octonion space. 



definition 


invariant 


conservation 


theorem 


RoiJ 


Ro = R'o 


invariable scalar 




VoiS 


Vo = Vo' 


invariable speed of light — like 






Xo = Xq 


invariable scalar 




Ao j;^ 


= A'o 


invariable electromagnetic scalar potential 




Bo J3 


Bo = B'o 


invariable electromagnetic gauge 






Po = Pi 


conservation of charge 




Fo i2 


Fo = F,; 


charge continuity equation 


electric current 


Lo JS 


Lo = L'o 


invariable spin magnetic moment density 




WoiS 


Wo = W^, 


conservation of energy — like 


magnetic moment 




No = K 


energy — like continuity equation 


torque — like 
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When the coordinate system rotates, we have the octonion angular momentum density L' = + L'^f^), the 

radius vector R' = S(r^< + the energy density W = + W^'/J, the strength B' = + S^ /^-) from 

Eq.(94) respectively. And the gauge 6q = i?g = . 

Under the coordinate transformation, the scalar part of remains unchanged by the above. And then we obtain 
the conservation of power-like as follows. 

No = (117) 
In a special case, the right side is equal to zero. And then, we obtain the continuity equation of energy-like. 

dWo/dro + Y.{dWj /dr^) + T^ibjWj - BjWj)/vo = (118) 
If the last term is neglected, the above is reduced to 

dWo/dro + Y.{dWj/drj) = 
further, if the last term is equal to zero, we have 

dWo/dt = (119) 

where, when the time t is only the independent variable, the dWo/dt will become the dWo/dt . 

The above means the power-like density A'o is the invariant in the case for coexistence of the gravitational field and 
electromagnetic field, under the Galilean transformation or the Lorentz transformation, etc. 



V. CONCLUSIONS 



In the quaternion spaces, choosing the definitions of the M, V, A, B, P, X, L, W, and N in the electromagnetic 
field, we obtain the characteristics of some invariants, including the charge continuity equation and conservation of 
charge. The charge density and spin magnetic moment density etc. are the invariants under the octonion coordinate 
transformation. The conclusions in the electromagnetic field can be spread from the quaternion space to the octonion 
space. And the definitions of the mass continuity equation etc. will be extended in the octonion space. 

It should be noted that the study for the conservation of mass and conservation of charge etc. examined only 
some simple cases under the octonion coordinate transformation. Despite its preliminary characteristics, this study 
can clearly indicate the mass density, charge density, and spin density etc. are the scalar invariants respectively, and 
they are only some simple inferences due to the weak strength of the electromagnetic field. For the future studies, 
the investigation will concentrate on only some predictions about the mass continuity equation, charge continuity 
equation, and energy continuity equation, etc. under the strong potential and strength of electromagnetic field. 
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